The operation 'multiplication of a vector by a matrix' can be represented by a computational scheme (or model) that acts on the entries of the vector sequentially. The number of intermediate quantities ('states') that are needed in the computations is a measure of the complexity of the model. If that complexity is low, then not only multiplication, but also other operations such as inversion, can be carried out efficiently using the model rather than the original matrix. In the introductory sections, we describe an algorithm to derive a computational model of minimal complexity that gives an exact representation of an arbitrary upper triangular matrix. The main result of the paper is an algorithm for computing an approximating matrix with a model of (much) lower complexity than the original -as low as possible for a given tolerance on the approximation error. As measure for the tolerance we will use a strong norm which we will call the Hankel norm. It is a generalization of the Hankel norm which is used in the classical model approximation theory for complex analytical functions.
INTRODUCTION

Computational linear algebra and time-varying modeling
In the intersection of linear algebra and system theory is the field of computational linear algebra. Its purpose is to find efficient algorithms for linear algebra problems (matrix multiplication, inversion, approximation). A useful model for matrix computations is provided by dynamical system theory. Such a model is often quite natural: in any algorithm which computes a matrix multiplication or inversion, the global operation is decomposed into a sequence of local operations that each act on a limited number of matrix entries (ultimately two), assisted by intermediate quantities that connect the local operations. These quantities can be called the states of the algorithm, and translate to the state of the dynamical system that is the computational model of the matrix operation. Although many matrix operations can be captured this way by some linear dynamical system, our interest is in matrices that possess some kind of structure which allows for efficient ("fast") algorithms: algorithms that exploit this structure. Structure in a matrix is inherited from the origin of the linear algebra problem, and is for our purposes typically due to the modeling of some (physical) dynamical system. Many signal processing applications, inverse scattering problems and least squares estimation problems give rise to structured matrices that can indeed be modeled by a low complexity computational system.
Besides sparse matrices (many zero entries), traditional structured matrices are Toeplitz and Hankel matrices (constant along diagonals or anti-diagonals), which translate to linear time-invariant (LTI) systems. Associated computational algorithms are well-known, e.g., for Toeplitz systems we have Schur recursions for LU-and Cholesky factorization [1] , Levinson recursions for factorization of the inverse [2] , Gohberg/Semencul recursions for computing the inverse [3] , and Schur-based recursions for QR factorization [4] . The resulting algorithms have computing complexity of order (n 2 ) for matrices of size (n × n), as compared to (n 3 ) for algorithms that do not take the Toeplitz structure into account. Generalizations of the Toeplitz structure are obtained by considering matrices which have a so-called displacement structure [5, 6] : matrices G for which there are (simple) matrices F 1 , F 2 such that G − F * 1 GF 2 is of low rank. Overviews of inversion and factorization algorithms for such matrices can be found in [7 , 8] .
The Toeplitz, Hankel and displacement structures give rise to computational models with a low number of inputs and outputs. In this paper, we pursue a complementary notion of structure which we will call the state structure. The state structure applies to upper triangular matrices and is seemingly unrelated to the Toeplitz or displacement structure mentioned above. A first purpose of the computational schemes considered in this paper is to perform a desired linear transformation T on some vector ('input sequence') u,
with an output vector or sequence y = uT as the result. The key idea is that we can associate with this matrix-vector multiplication a computational network that takes u and computes y, and that matrices with a 'small' state structure have a computational network of low complexity so that using the network to compute y is more efficient than computing uT directly. To introduce this notion, consider an upper triangular matrix T along with its inverse, At each point k the processor in the stage at that point takes its input data u k from the input sequence u and computes a new output data y k which is part of the output sequence y generated by the system. To execute the computation, the processor will use some remainder of its past history, i.e., the state x k , which has been computed by the previous stages and which was temporarily stored in registers indicated by the symbol z. The complexity of the computational network is equal to the number of states at each point. The total number of multiplications required in the minimal realization (figure 1(b)) that are different from 1 is 5, as compared to 6 in a direct computation using T ( figure 1(a) ). Although we have gained only one multiplication here, for a less moderate example, say an (n × n) upper triangular matrix with n = 10000 and d n states at each point, the number of multiplications in the network is in the order of (d 2 n) and can even be further reduced to (4dn), instead of (1/2 n 2 ) for a direct computation using T. Note however that the number of states can vary from one point to the other, depending on the nature of T. In the example above, the number of states entering the network at point 1 is zero, and the number of states leaving the network at point 4 is also zero. If we would change the value of one of the entries of the 2 × 2 submatrix in the upper-right corner of T to a different value, then, in the minimal network, two states would have been required to connect stage 2 to stage 3.
The computations in the network can be summarized by the following recursion, for k = 1 to n:
If the number of state variables is relatively small, then the computation of the output sequence is efficient in comparison with a straight computation of y = uT. One example of a matrix with a small state space is the case where T is an upper triangular band-matrix: T ij = 0 for j − i > p. In this case, the state dimension is equal to or smaller than p. However, the state space model can be much more general, e.g., if a banded upper matrix has an inverse, then this inverse is known to have a sparse state space (of the same complexity) too, as we had in the example above. Moreover, this inversion can be easily carried out by local computations on the realization of T (we assume D k square; for the general case, see [9] ): let y = uT ⇔ u = yT −1 =: yS, then
so that a model of S is given by
Observe that the model for S = T −1 is obtained in a local way from the model of T: S k depends only on T k . The sum and product of matrices with sparse state structure have again a sparse state structure with number of states at each point not larger than the sum of the number of states of its component systems, and computational networks of these compositions (but not necessarily minimal ones) can be easily derived from those of its components. Finally, we mention that a matrix T 1 that is not upper triangular can be split into an upper triangular and a lower triangular part, each of which can be separately modeled by a computational network. The computational model of the lower triangular part has a recursion which runs backwards: H4   H3   H2   11 12 13 14 15   25  24  22   33 34 35   45  44   55   23 . . . The model of the lower triangular part can be used to determine a model of a unitary upper matrix U which is such that U * T is upper and has a sparse state structure. In this way, results derived for upper matrices, such as the above inversion formula, can be generalized to matrices of mixed type [9] .
Realization algorithm
One might wonder for which class of matrices T there exists a sparse computational network (or state space realization) that realizes the same multiplication operator. For an upper triangular (n × n) matrix T, let the matrices H i (1 ≤ i ≤ n), which are submatrices of T, be figure 2 ). We call the H i (time-varying) Hankel matrices, as they will have a Hankel structure (constant along anti-diagonals) if T has a Toeplitz structure. * In terms of the Hankel matrices, the criterion by which matrices with a sparse state structure can be detected is given by the following theorem.
The number of states that are needed at stage k in a minimal computational network of an upper triangular matrix T is equal to the rank of its k-th Hankel matrix H k .
PROOF Suppose that
is a realization for T as in equation (1.1). Then a typical Hankel matrix has the following structure: From the decomposition H k = k k it is directly inferred that if A k is of size (d k ×d k+1 ), then rank(H k ) is at most equal to d k . We have to show that there exists a realization A k , B k , C k , D k for which d k = rank(H k ): if it does, then clearly this must be a minimal realization. To find such a minimal realization, take any minimal factorization H k = k k into full rank factors k and k . We must show that there are matrices
To this end, we use the fact that H k satisfies a shift-invariance property: with H ← 2 denoting H 2 without its first column, we have
In general, H ← k = k A k k+1 , and in much the same way, H! k = k−1 A k−1 k , where H! k is H k without its first row. The shift-invariance properties carry over to k and k , e.g., ← k = A k k+1 , and we obtain that
where ' * ' denotes complex conjugate transposition. The inverse exists because k+1 is of full rank. C k follows as the first column of the chosen k , while B k is the first row of k+1 . It remains to verify that k and k are indeed generated by this realization. This is straightforward by a recursive use of the shift-invariance properties.
Let's verify theorem 1.1 with the example. The Hankel matrices are Since rank(H 1 ) = 0, no states x 1 are needed. One state is needed for x 2 and one for x 4 , because rank(H 2 ) = rank(H 4 ) = 1. Finally, also only one state is needed for x 3 , because rank(H 3 ) = 1. In fact, this is (for this example) the only non-trivial rank condition: if one of the entries in H 3 would have been different, then two states would have been needed. In general, rank(H i ) ≤ min(i − 1, n − i − 1), and for a general upper triangular matrix T without state structure, a computational model will indeed require at most min(i − 1, n − i − 1) states for x i .
The construction in the proof of theorem 1.1 leads to a realization algorithm (algorithm 1). In this algorithm, A(:, 1 : p) denotes the first p columns of A, and A(1 : p, :) the first p rows. The key part of the algorithm is to obtain a basis k for the rowspace of each Hankel matrix H k of T. The singular value decomposition (SVD) [10] is a robust tool for doing this. It is a decomposition of H k into factors U k , Σ k , V k , where U k and V k are unitary matrices whose columns contain the left and right singular vectors of H k , and Σ k is a diagonal matrix with positive entries (the singular values of H k ) on the diagonal. The integer d k is set equal to the number of nonzero singular values of H k , and V * k (1 : d k , :) contains the corresponding singular vectors. The rows of V * (1 : d k , :) span the row space of H k . The rest of the realization algorithm is straightforward in view of the shift-invariance property. Note that, based on the singular values of H k , a reduced order model can be obtained by taking a smaller basis for k , much as in the Principal Component identification method in system theory [11 ] , which is also known as balanced In:
T
(an upper triangular n × n matrix) Out: T k n 1 (a minimal realization, in output normal form)
model reduction. Although widely used for time-invariant systems, this would result in a "heuristic" model reduction theory, as the modeling error norm is not known. The goal of the present paper is to obtain a precise theory. A final remark is that the above algorithm yields a realization in output normal form:
A k A * k + C k C * k = I which is a consequence of the fact that an orthonormal basis for the row space of H k has been used.
Hankel norm approximation
In the previous section, we have assumed that the given matrix T has indeed a computational model of an order that is low enough to favor the use of a minimal computational network over an ordinary matrix multiplication. However, if the rank of the Hankel matrices of T (i.e., the system order) is not low, then it could make sense to approximate T by a new upper triangular matrix T a that has a lower complexity, i.e., whose Hankel matrices have low rank. It is of course dependent on the origin of T whether this indeed yields a useful approximation of the underlying (physical) problem that is described by the original matrix. For example, it could happen that the given matrix T is not of low complexity because numerical inaccuracies of the entries of T have increased the rank of the Hankel matrices of T, since the rank of a matrix is a very sensitive (ill-conditioned) parameter. But even if the given matrix T is known to be exact, an approximation by a reduced-order model could be appropriate, for example for design purposes in engineering, to capture the essential behavior of the model. With such a reduced-complexity model, the designer can more easily detect that certain features are not desired and can possibly predict the effects of certain changes in the design; an overly detailed model would rather mask these features.
Because the system order at each point is given by the rank of the Hankel matrix at that point, a possible approximation scheme is to replace each Hankel matrix by one that is of lower rank (this could be done using the SVD). The approximation error could then very well be defined in terms of the individual Hankel matrix approximations as the supremum over the individual approximation errors. The error criterion for which we will obtain a solution is called the Hankel norm. It is defined as the supremum over the operator norm (the spectral norm, or the matrix 2-norm) of each individual Hankel matrix:
This is a generalization of the Hankel norm for time-invariant systems. It is a reasonably strong norm: if T is a strictly upper triangular matrix and " T " H ≤ 1, then each row and column of T has vector norm smaller than 1. In terms of the Hankel norm, we will prove the following theorem in section 3.
Theorem 1.2.
Let T be a strictly upper triangular matrix and let Γ = diag(γ i ) be a diagonal Hermitian matrix which parametrizes the acceptable approximation tolerance (γ i > 0). Let H k be the Hankel matrix of Γ −1 T at stage k, and suppose that, for each k, none of the singular values of H k are equal to 1. Then there exists a strictly upper triangular matrix T a with system order at stage k at most equal to the number of singular values of H k that are larger than 1, such that "
In fact, there is a collection of such T a . We will show the theorem by construction and obtain a computational model of a particular T a as well. Because the Hankel matrices have many entries in common, it is not clear at once that this approximation scheme is feasible: replacing one Hankel matrix by a matrix of lower rank in a certain norm might make it impossible for the next Hankel matrix to be replaced by an optimal approximant (in that norm) such that the part that it has in common with the previous Hankel matrix is approximated by the same matrix. In other words: each individual local optimization might prevent a global optimum. The severity of this dilemma is mitigated by a proper choice of the error criterion: the fact that the above defined Hankel norm uses the operator norm of each Hankel matrix, rather than the stronger Frobenius norm, gives just enough freedom to obtain a nice solution to this dilemma. The solution can even be obtained in a non-iterative form.
Γ can be used to influence the local approximation error. For a uniform approximation, Γ = γ I, and hence " T − T a " H ≤ γ : the approximant is γ-close to T in Hankel norm, which implies in particular that the approximation error in each row or column of T is less than γ. If one of the γ i is made larger than γ, then the error at the i-th row of T can become larger also, which might result in an approximant T a to take on less states. Hence Γ can be chosen to yield an approximant that is accurate at certain points but less tight at others, and whose complexity is minimal.
Hankel norm approximation theory originates as a special case of the solution to the Schur-Takagi interpolation problem in the context of complex function theory. The solution was formulated by Adamjan, Arov and Krein (AAK) [12] , who studied properties of the SVD of infinite Hankel matrices (having a Hankel structure) and associated approximation problems of bounded analytical functions f(z) by rational functions. In linear system theory, it is a well known result of Kronecker that the degree of a rational function is equal to the rank of the Hankel matrix constructed on the coefficients of its Taylor expansion [13] . The main problem with approximating a Hankel matrix using SVD, in the time-invariant context, is to ensure that the approximation has again a Hankel structure. When the function is regarded as the transfer function of a linear time-invariant system this number is the model order. It was remarked in Bultheel-Dewilde [14] and subsequently worked out by a number of authors (Glover [15 ] , Kung-Lin [16] , Genin-Kung [17] ) that the procedure of AAK could be utilized to solve the problem of optimal model-order reduction of a dynamical time-invariant system, and that, although the Hankel matrix is of infinite size, computations can be made finite if a finite-order state model is already known [14] . It is possible to give a global expression of the approximant, based on a global state space based solution of a related Schur-Takagi interpolation problem; the necessary theory was extensively studied in the book [18] . The computations can also be done in a recursive fashion [19] . State space theory provided a bridge between analytical theory and matrix computations.
In a recent series of papers [20, 21, 22, 23, 24, 25] a theory was developed to derive models for upper triangular matrices as, now time-varying, linear systems. The classical interpolation problems of Schur or Nevanlinna-Pick can be formulated and solved in a context where diagonals take the place of scalars. A comprehensive treatment can be found in [24] , and we will adopt the notation of that paper. A supplementary realization theory of upper operators in a state space context appeared in [25] and provided the tools to solve the generalized Hankel-norm model reduction problem in combination with the interpolation theory. The general solution is published in [26 ] , the present paper is a specialization to finite upper triangular matrices, and contains independent, finite dimensional proofs.
Numerical example
As an example of the use of theorem 1.2, we consider a matrix T and determine an approximant T a . Let the matrix to be approximated be Hence T has a state space realization which grows from zero states (i = 1) to a maximum of 3 states (i = 4), and then shrinks back to 0 states (i > 6). The number of Hankel singular values of Γ −1 T that are larger than one is 1 (i = 2, 6) . At each point in the sequence, this is to correspond to the number of states of the approximant at that point. Using the techniques of this paper, we obtain 15 6.71 6.16 5.36 3.82 whose number indeed correspond to the number of Hankel singular values of Γ −1 T that are larger than 1. Also, the modeling error is
with Hankel norm of Γ −1 (T − T a ) less than 1:
"
The realization algorithm (algorithm 1) yields as realization for T
−.00 0 .00 0
A realization of the approximant is determined via algorithm 3 in section 3.5 as
The corresponding computational schemes are depicted in figure 3 . It is seen that a small change in T can lead to a significant reduction in the complexity of the computations.
NOTATION AND PRELIMINARIES
Spaces
An essential ingredient of our theory is the concept of non-uniform sequences: vectors whose entries are again vectors in some Euclidean space and which can have different dimensions for each entry. Thus let [2, 1] ] is an element of $ , the 2-norm (vector norm) of which is (0.25 + 4 + 1) 1/2 . A generalized matrix (a block matrix, which we will call a tableau to distinguish) is a linear map
where the (1, 1) entry is identified by a square, the main diagonal is distinguished by an underscore, ' * ' stands for any scalar, and '⋅' stands for an entry with an empty dimension. The above tableau is isomorphic to a 3 × 3 ordinary matrix. We denote by 
When viewed as matrices, F −1 is of course just the matrix inverse of F.
A rightward shifted space sequence is denoted by
The shift operator Z shifts a sequence to the right and is a map (1) . We denote by Z [k] the product of k shifts. It is a map
) be an n × n tableau. We can decompose T into a sum of shifted diagonals: 
Note that the above definition of the Hankel norm is equivalent to the definition in (1.4) . We remark that this norm is only a norm on the space Z ( , while on ' it is a semi-norm. We will also employ a new norm, which we call the diagonal 2-norm. Let T i be the i-th row of a tableau T ∈ ' , then
For diagonals, it is equal to the operator norm, but for more general matrices, it is the supremum over the vector 2-norms of each row of T.
The Hankel norm satisfies the following ordering:
PROOF The first norm inequality is proven by
For the second norm inequality, we first prove
We see that the Hankel norm is not as strong as the operator norm, but is stronger than the row-wise uniform least square norm.
Realizations
For a given T ∈ 
which together constitute a realization T of T,
This description is equivalent to (1.1), but often more convenient to handle because the time-index has been suppressed. Substitution leads to
As we will assume throughout the paper that the realization starts and ends with empty state spaces, this summation is in fact finite:
where n is the size of T. Hence (I − AZ) −1 always exists and the expression for T is meaningful.
Connected to a state realization, we can distinguish global controllability and observability operators defined as
(2.6) k and k as in equation (1.3) are obtained as the k-th (block) column and row of and , respectively. Recall that k and k are closely related to the Hankel operator: its k-th "snapshot" H k has the decomposition H k = k k .
We say that the realization is controllable when the controllability operator is such that the diagonal
In the present context, it is always possible to choose the realization to be both controllable and observable, in which case the realization is also minimal, in the sense that the dimensions of the state space at each point k in the sequence is minimal. For such realizations, the rows of k form a (minimal) basis for the row space of H k , and the columns of k form a basis for its column space. and can be thought of as a collection of these bases into a single object.
Another notion that we will need is that of "state transformations". If
is a realization of a system with transfer matrix T, then an equivalent realization is found by applying a state transformation x = xR on the state sequence x of the system, where R is an invertible diagonal matrix. The realization matrix T is then transformed to
(Note the diagonal shift in (R (−1) ) −1 ). State transformations are often used to bring a realization into some desirable form. This then leads to equations of the famous Lyapunov or Lyapunov-Stein type. For example, the Lyapunov equation
arises in the transformation of a controllable realization to input normal form: one for which A * A+B * B = I. If the original realization is controllable, then an invertible state transformator R can be found such that .7), with M = R * R, and hence it suffices to solve this equation for M and to verify that M is invertible, in which case a factor R is invertible too. Since equation (2.7) only involves diagonals, it can be solved recursively:
Finally, if is the controllability operator of the given realization, then M = * is the solution of (2.7), which shows that M is invertible if the realization is controllable. Likewise, if the realization is observable ( is such that Q = A * is invertible), then Q is the unique solution of the Lyapunov equation
and with the factoring of Q = RR * this yields an invertible state transformation R such that
then form an output normal realization for the matrix. In section 3.3 we will assume that the matrix to be approximated is indeed specified by a realization in output normal form, which is automatically the case if the realization algorithm (1) has been used.
J-unitary matrices
If a matrix is at the same time unitary and upper (with respect to its block structure), we will call it inner. In this paper we will make extensive use of matrices Θ that are block upper and J-unitary. To introduce these matrices properly, we must define a splitting of the sequence of input spaces into two sequences 
Θ decomposes in four blocks, mapping
If each of these maps are upper, we say that Θ is block-upper. Θ will be called J-unitary relative to this splitting in blocks, when
(2.9)
A J-unitary matrix Θ can be constructed using a computational model Θ Θ Θ that is J-unitary in the following sense. Let $ be the state sequence space of a realization Θ Θ Θ, and let The second equality of (2.9) follows by an analogous procedure as above.
A J-unitary upper matrix has the following special property.
Proposition 2.3.
If α, β, γ, δ is an observable realization for a J-unitary block-upper matrix Θ, then
that is, Z * (I − α * Z * ) −1 β * J 1 , which is a strictly lower matrix, is mapped by Θ to a block upper matrix. Another property that follows from the J-unitarity of Θ is that Θ 22 is invertible. Associated to Θ is a matrix Σ,
(see figure 5 ), that is,
It is straightforward to prove that from the J-unitarity of Θ it follows that Σ is unitary. Σ is known as a scattering matrix, while Θ is called a chain scattering matrix. Σ and Θ constitute the same linear relations between the quantities a 1 , a 2 , b 1 , b 2 . However, the signal flows of the "incident" and "reflected" waves of Σ coincide with the direction of the energy going into and out of the system:
reflects conservation of energy between port 1 and port 2.
Let Θ Θ Θ be a J-unitary realization. Since each of the Θ Θ Θ k is a J-unitary matrix, there is a unitary matrix Σ Σ Σ k associated to each Θ Θ Θ k in the same way as Σ followed from Θ, but now according to the rule
(that is, inputs of Σ Σ Σ have positive signature). Again, the directions of the arrows corresponding to negative signatures in Θ Θ Θ is reversed (see figure 4(b) ). An explicit formula for Σ Σ Σ in terms of Θ Θ Θ is given below.
Although Σ Σ Σ constitutes the same linear relations between the state variables as Θ Θ Θ, and hence elimination of x + and x − will lead to the scattering matrix Σ associated to Θ, it should be noted that Σ Σ Σ is not a realization of Σ, since the state flow is not uni-directional: the next state of Σ Σ Σ is specified in terms of its current state only in an implicit way. Σ Σ Σ will be called a state representation of Σ, rather than a realization.
Σ Σ Σ is computed from Θ in the following way. Partition the state x of Θ Θ Θ according to the signature J1 into x = [x + x − ], and partition Θ Θ Θ likewise: 13) ). Note that each matrix Σ Σ Σ k only depends on the entries of Θ Θ Θ k so that it can be computed independently from the other stages.
CONSTRUCTION OF A HANKEL-NORM APPROXIMANT
Summary of the procedure
In this section, we solve the Hankel norm model reduction problem for a strictly upper matrix described by a "higher order model" with an observable realization ). We use Γ as a measure for the local accuracy of the reduced order model; it will parametrize the solutions. We look for a matrix T ∈ ' (% , & ) such that (i) the scaled difference with T is smaller than 1 in operator norm:
and such that (ii) the approximant
i.e., the strictly upper part of T , has a state dimension sequence of low order -as low as possible for a given Γ. Using the norm inequality (2.2), we immediately obtain that T a satisfies "
i.e., T a is a Hankel-norm approximant of T when T is an operator-norm approximant. The second norm inequality (2.3) gives in addition
The interpretation of this second inequality is that the change in each row of Γ −1 T is (in 2-norm) smaller than the error in Hankel norm, and at least smaller than 1. A comparable result holds for the columns of Γ −1 T. Consequently, the matrix entries of a Hankel norm approximant T a are close to those of T.
The construction of a matrix T satisfying (3.1) consists of the following three steps. We start by computing a factorization of T in the form
where ∆ and U are upper matrices which have state space dimensions of the same size as that of T, and U is inner. We will call such a factorization an external factorization. We show in section 3.2 that this factorization is easy to determine if the realization (2.4) for T is chosen to be in output normal form, i.e., such that AA * + CC * = I. The construction of a proper T continues by the determination of a matrix Θ that is J-unitary as in (2.8) and block-upper, such that
consists of two upper matrices A and B
. As an aside, we remark that this expression can equivalently be written as
which is the 'standard' formulation of an interpolation problem (see [24 ] ): for time-invariant systems, the equation expresses that I − ∆Γ −1 Θ has zeros at poles of U * , which ensures that the approximant is equal to the original system at certain points in the z-plane.
We will show that a solution to this interpolation problem exists if certain conditions on a Lyapunov equation associated to Γ −1 T are satisfied (this can always be the case for judiciously chosen Γ). The state dimension of Θ will again be the same as that of T. Because Θ is J-unitary, we have that Θ * 22 Θ 22 = I+Θ * 12 Θ 12 . Hence Θ −1 22 will exist (but will not necessarily be upper) and Σ 12 = −Θ 12 Θ −1 22 will be contractive. From .2) result in a Hankel norm approximant T a . We will also show that, from (3.6) and the fact that B is upper triangular, it can be inferred that the state dimension of T a will, at each point in time, be at most equal to that of the upper part of Θ − * 22 . (With more effort, one shows that the state dimensions are precisely equal to each other [26] .) In view of the target theorem 1. 
External factorization of T
The aim of this section is to prove the following proposition. PROOF To obtain U, we start from a model
A, B, C, D
of T which is in output normal form, A k A * k + C k C * k = I for all k. It is obtained, for example, by the realization algorithm (1) . For each point k, determine matrices B U,k and D U,k via the orthogonal complement of the rows of [A k C k ], so that U k ,
is a square and unitary matrix. Take U to be a computational model for U. Then U is inner, because its realization is unitary (proposition 2.2). It remains to verify that ∆ = UT * is upper. This follows by direct computation of ∆, in which we make use of the relations AA * + CC * = I, B U A * + D U C * = 0:
Now, we make use of the relation
which is easily verified by pre-and postmultiplying with (I − ZA) and (Z − A * ), respectively. Plugging this relation into the expression for ∆, it is seen that the lower triangular parts of the expression cancel, and we obtain ∆ =
which is, indeed, upper.
Because the A k are not necessarily square matrices, the dimension of the state space may vary in time. A consequence of this will be that the number of inputs of U will vary in time for an inner U having minimal state dimension. The varying number of inputs of U will of course be matched by a varying number of outputs of ∆ * . Figure 6 illustrates this point. 
Determination of Θ
which is a square matrix at each point k, and where the X and C i , D ij are yet to be determined. Note that the state sequence space $ is the same for Θ Θ Θ and T. X is an invertible diagonal state transformation matrix which is such that Θ Θ Θ is J-unitary as in (2.10), where the state signature matrix J 1 is also to be determined. The following theorem summarizes what we will prove in this section. PROOF We first construct Θ by determining a realization Θ Θ Θ that has the structure of equation (3.7), and then show that it satisfies (3.9). The first step in solving for the unknowns in (3.7) is to determine X such that
is J-isometric in the sense of equation (2.10), i.e., such that for some signature matrix J 1 ,
Writing Λ = X * J1 X, this produces
which determines Λ recursively, and hence also both the factor X and the state signature J1 . For X to be invertible, it is sufficient to require Λ to be invertible. Equation (3.11) may be rewritten in terms of the original data by using B * U B U = I − A * A, which yields
M is the solution of one of the Lyapunov equations associated to Γ −1 T (viz. equation (2.7)). We proceed with the construction of a realization Θ Θ Θ of the form (3.7) which satisfies (2.10) for
where J 2 is still to be determined (and with it the output space sequences
The positivity of these dimensions is readily derived from equation (3.11) by Sylvester's inequality.
To obtain Θ Θ Θ, it remains to complete the matrix (3.10) to form the matrix Θ Θ Θ in (3.7) so that the whole matrix is now J-unitary according to (2.10) . This matrix completion can be achieved at the local level: it is for each stage k an independent problem of matrix algebra (see algorithm 2). It is not hard to see that the completion is always possible.
To conclude the proof, we have to show that [U * − T * Γ −1 ] Θ is block upper. We have
and it will be enough to show that
is block upper. With entries as in equation (3.7) , and using the state equivalence transformation defined by X, this is equivalent to showing that
is block-upper. That this is indeed the case follows directly from proposition 2.3-see equation (2.11) .
For later use, we evaluate [U * − T * Γ −1 ] Θ. Equation (2.12) gives
Consequently, 
Then the solution M k of the Lyapunov recursion
In the present context we have started from an output normal form: Q = D * = I. The non-zero eigenvalues of H k H * k = k * k will be the same as those of * k k , and in section 2.2 it was shown that M k = * k k is precisely the solution of the Lyapunov recursion (3.15) . In particular, the number of singular values of H k that are larger than 1 is equal to the number of eigenvalues of M k that are larger than 1. Writing Λ k = I − M k , this is in turn equal to the number of negative eigenvalues of Corresponding to Θ is the scattering operator Σ, whose state representation Σ Σ Σ k is for each k computed from Θ Θ Θ k using equation (2.16) . The arrows in the scattering situation (where the signal flow coincides with 'positive energy flow') run in the reverse direction for inputs and outputs of Θ Θ Θ k that have a negative signature. In the figure, we assumed that one singular value of the Hankel operator of Γ −1 T at time 1 is larger than 1, which results in one state variable with negative signature, and hence there is one upward arrow in the diagram for Σ. Because of the upward arrow, Σ is not an upper matrix (it is not a causal transfer operator), and Σ Σ Σ only specifies Σ implicitly: figure 7(d) contains a loop between stage 1 and 2 which renders the network uncomputable. As is shown in the next section, upward arrows generate the states of the Hankel-norm approximant, and the number of upward arrows is equal to the number of states of the approximant.
State dimension of T a
At this point we have covered the first part of theorem 1.2: we have constructed a J-unitary Θ and from it a matrix T a which is a Hankel-norm approximant of T. It remains to verify the complexity assertion, which stated that the dimension of the state space of T a is at most equal to N k at point k: the number of singular values of the k-th Hankel matrix of Γ −1 T that are larger than one, or (by theorem 3.3) the number of negative entries in the state signature J 1 of Θ at point k. Not surprisingly from the definition of T a , an important role will be played by Θ −1 22 , which is the 22-entry of the scattering matrix Σ associated to Θ by equation (2.13) . The representation Σ Σ Σ specifies, be it in an implicit form, the relations between the input and output quantities of the non-causal operator Σ. The existence of Σ implies, e.g., that all intermediate state quantities x +,k , x −,k are well-defined, given inputs a 1 and b 2 . In particular, Σ 22 = Θ −1 22 is obtained by imposing a 1 = 0 and looking at the transfer b 2 E → a 2 . Finding a realization for the strictly upper part of Θ − * 22 will consist in "unwinding" the loops in the representation Σ Σ Σ of Σ and deducing the realization for it. The fact that Σ can be resolved and that a realization for Θ − * 22 can be deduced will be the topic of the next section.
In this section, we prove the following proposition, which provides with theorem 3.2 and theorem 3.3 a proof of the Hankel norm approximation theorem (theorem 1.2).
Proposition 3.4.
If the conditions of theorem 3.2 are satisfied, then the state dimension of the approximant T a is (at most) equal to the state dimension of the strictly upper part of Θ − * 22 at each point. This dimension is in turn (at most) equal to the number of negative entries in the state signature J To determine the latter dimension, consider figure 8. We position ourselves at point k and split inputs a 1 , b 2 and outputs a 2 , b 1 of Θ into a strict past and a future segment, with respect to point k. This is written, e.g., as b 1 = [b 1p,k b 1f,k ], where b 1p,k contains the first k − 1 entries of the sequence b 1 . Θ −1 22 = Σ 22 is the transfer from port b 2 to port b 1 with the boundary condition a 1 ≡ 0, and the strictly lower part of Θ −1 22 is determined by the collection of transfers b 2f,k → b 1p,k with a 1 = 0 and b 2p,k = 0, for all k in turn. Note that each of these maps defines a local Hankel operator (more precisely, a conjugate Hankel operator, as it describes the effect of an input in the future to the past part of the corresponding output). In addition, a response b 1p,k to an input for which a 1p,k = 0 and b 2p,k = 0 satisfies an energy relation which is inherited from the unitarity of Σ Σ Σ: The following corollary follows from equation (3.17) and is needed in the next section. At this point, we have proven the basic form of the Hankel-norm model reduction theorem for timevarying systems (theorem 1.2). With more effort, it is possible to prove that, in proposition 3.4, equality holds throughout, implying that the approximant T a has precisely the number of states as specified by the number of Hankel singular values that are larger than 1 [26, 27] . It is also possible to derive an expression (a chain fraction description in terms of Θ) which describes all possible Hankel norm approximants of minimal complexity, given the error tolerance parameter Γ [26, 27] .
Computational model for T a
A computational model of T a can be computed directly from the models of T and Θ, via models of B (2.14) . Partition Σ Σ Σ and Θ Θ Θ as in equations (2.16) and (2.15) , and let
Then S and R are well defined, contractive and determined by the recursions PROOF The existence and contractivity of S has been derived in corollary 3.5, the comparable result on R is proven in the same way. For clarity, we will not suppress the index k in this proof, so that we are in the context of figure 8. Writing out the relevant part of the relations (2.16), with a 1 = 0, we have
With the additional constraint b 2p,k+1 = 0, S k+1 satisfies which is strictly positive definite by the J-unitarity of Θ Θ Θ k , so that Σ Σ Σ 12,k itself is strictly contractive. F 12,k , as an entry of it, inherits the property, and hence we can solve for x −,k : Figure 9 . Recursion for S.
Consequently, S satisfies the indicated recursive relations (see also figure 9 ). The recursion for R is determined likewise. Finally, C * r,k is obtained pointwise as the transfer b 2,k → x −,k for a 1 = 0 and b 2,i = 0 (i / =k). Using (3.6), (3.18) and (3.20) , this yields C r as in (3.19) .
Let
We are now in a position to determine a computational model for T a . be an output normal strictly stable state realization for T, let M be defined by the recursion in (3.8) , and let A, B U , C, D U be a realization for U. Suppose that Θ Θ Θ is partitioned as in (3.7) , and Σ Σ Σ corresponding to Θ Θ Θ as in (2.16) . Define S, R, C r ∈ 0 by the relations
Then T a has a computational model A a , ΓB a , C a , 0
given by
is given by the solution of the recursion Y = A a Y (−1) A * + C r C * 2 . 27 PROOF The computational model for T a will be obtained, using definition (3.16) , by multiplying a model for B
by the model A a , B a , C r for P Z2 (Θ − * 22 ) as obtained in lemma 3.6. A model for B
has already been obtained in equation (3.14) . With D := −D * U D 12 + C * (I − M)C 2 , T a is given by the strictly upper part of
The computation of the strictly upper part of this expression requires a partial fraction decomposition of the expression Z(I − A a Z) −1 C r C * 2 (I − Z * A * ) −1 . We seek diagonal matrices X and Y such that
Pre-and postmultiplying with (Z * − A a ) and (I − Z * A * ), respectively, we obtain the equations
The recursive equation for Y that we have thus obtained always has a solution, since for n × n matrices T with a zero number of states at point n + 1, we can start with Y n+1 = [ ⋅ ] and work backwards to Y 1 . Via
A check on the dimensions of A a reveals that the state realization for T a has indeed a state space dimension given by N = # − (J1 ): at each point it is equal to the number of local Hankel singular values of T which are larger than 1. The realization is given in terms of four recursions: two for M and S that run forward in time, the other two for R and Y that run backward in time and depend on S. Algorithm 3 shows the computations derived from theorem 3.7. It computes a model
Introduction
The global state space procedure of section 3 yields, for a given T ∈ ( , an inner factor U and an interpolating Θ. It can be specialized to the case where T is a general upper triangular matrix without an a priori known state structure. The resulting procedure to obtain Θ leads to a generalized Schur recursion, which we derive for an example T.
Consider a 4 × 4 strictly upper triangular matrix T,
where the (1, 1)-entry is indicated by a square and the main diagonal by underscores. For convenience of notation, and without loss of generality, we may take Γ = I, and thus seek for T a 
for k = n, and use this to derive Θ as in section 3.3. Note that it is not necessary to have a minimal realization for T (or U). The extra states will correspond to eigenvalues of M that are zero, and hence are of no influence on the negative signature of Λ = I − M (independently of Γ). Hence our non-minimal choice of the realization for T will not influence the complexity of the resulting approximant T a . For a recursive derivation of an interpolating matrix Θ, however, we proceed as follows. The (trivial) state realizations T and U are not needed, but the resulting U is used. The interpolation problem is to determine a J-unitary and causal Θ (whose signature will be determined by the construction) such that
Assume that Θ ∈ has as output space sequence ∅×∅× | C 2 × | C 2 . We will now consider these operations in more detail. The operations to do each of these steps are elementary unitary (Jacobi) or J-unitary rotations that act on two columns at a time and make a selected entry of the second column equal to zero. The precise nature of the rotations depends on its signature and is in turn dependent on the data -this will be detailed later. We first verify that this recursion leads to a solution of the interpolation problem. The resulting matrices are upper triangular. The signal flow corresponding to this computational scheme is outlined in figure 12 (a). Note that the computations have introduced an implicit notion of state, formed by the arrows that cross a dotted line between two stages, so that a (non-minimal) realization of Θ can be inferred from the elementary operations. 12(b) that the signal flow is well-defined: an arrow leaving some section will not bounce into a signal flow arrow that leaves a neighboring section.
Computational structure
Finally, a solution to the interpolation problem [U * − T * ] Θ = [A − B ] is obtained by sorting the columns of the resulting upper triangular matrices obtained by the above procedure according to their signature, such that all positive signs correspond to A and all negative signs to B . The columns of Θ are sorted likewise. The solution that is obtained this way is reminiscent of the state space solution of the previous section, and in fact can be derived from it by factoring Θ into elementary operations as above. Again, the network of Σ is not computable since it contains loops.
When T is a banded matrix, or has a staircase structure, then operations corresponding to entries off the band can be omitted. The recursion and the resulting computational network is a further generalization (to include indefinite interpolation) of the generalized Schur algorithm introduced in [21 ] . However, the formalism by which the matrices are set up to initiate the algorithm is new. Ideally, one would want to use the computational network of Σ to derive either U * Σ 12 or B Θ −1 22 . However, the network that has been constructed in the previous step of the algorithm is not computable: it contains delay-free loops, and hence it cannot be used directly. A straightforward alternative is to extract Θ 22 from the network of Θ (by applying an input of the form [0 I]), and subsequently use any technique to invert this matrix and apply it to B
Computation of the approximant
. A second alternative is to compute a (non-causal) state realization for Σ from its network. This is a local operation: it can be done independently for each stage. From this realization, one can derive a realization for the upper triangular part of Θ − * 22 , by using the recursions given in section 3.5.
The first solution can be made more or less 'in style' with the way Θ has been constructed, to the level that only elementary, unitary operations are used. However, the overall solution is a bit crude: after extracting the matrix Θ 22 , the computational network of Θ is discarded, although it reveals the structure of Θ 22 and Θ −1 22 , and the algorithm continues with a matrix inversion technique that is not very specific to its current application. The state space technique, on the other hand, uses half of the computational network structure of Θ (the 'vertical' segmentation into stages), but does not use the structure within a stage. The algorithm operates on (state space) matrices, rather than at the elementary level, and is in this respect 'out of style' with the recursive computation of Θ. It is as yet unclear whether an algorithm can be devised that acts directly on the computational network of Θ with elementary operations.
Envoy
The theory presented in this paper gives a closed form solution to the generic problem of approximating a matrix which represents a linear transformation by a matrix of lower computational complexity. The measure of complexity that is used here is 'state dimension of the computation'. The theory is based on a combination and generalization of three classical paradigms: (1) system theory and realization theory in the vein of Kronecker and Ho-Kalman, (2) interpolation theory in the sense of Schur-Takagi and Adamjan-Arov-Krein, (3) scattering theory as it was introduced in the network theory context by Youla and Belevitch. It is a remarkable fact that such diverse theories come together to produce a complete body of answers.
On the other hand, it is conceivable that alternative approximation schemes are possible. The generalized AAK scheme is based on interpolation of the error in selected "points" (here to be interpreted as diagonals of a matrix)-see equation (3.5) . The scheme controls the error via interpolation. It is possible to construct a direct interpolation method, see e.g., [21] . Such a theory will also yield strong approximants but will be dependent on the choice of interpolation points, and hence will not produce a global lowcomplexity minimum as the algorithm proposed here does. However, the method is easier and gives good results in practice. Other, heuristic methods based on setting entries to zero, e.g., in factors of an LU-decomposition, may work well in practice, and are of course even simpler. It is, however, doubtful that they can produce systematic results.
The results presented can be extended in several directions. The method works well only on triangular matrices. A full matrix can be decomposed in an upper and a lower part, each of which can be approximated separately. A scheme for doing matrix inversions using such a decomposition has been published [9] . In another direction, one may consider the singular case, i.e., when some of the local singular values of the Hankel operator are equal to one. Preliminary results are available but have not been published yet. There is also a connection with the theory of alpha-stationary systems as developed by Kailath and his coworkers [5, 6, 7, 8] , but the question of introducing structure in the approximation scheme, or approximating under structural constraints has not been studied yet to our knowledge.
